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ABSTRACT

Combined action of helical motions of plasma (the a effect) and non-uniform (differ-
ential) rotation is a key dynamo mechanism of solar and galactic large-scale magnetic
fields. Dynamics of magnetic helicity of small-scale fields is a crucial mechanism in a
nonlinear dynamo saturation where turbulent magnetic helicity fluxes allow to avoid
catastrophic quenching of the «a effect. The_convective zone of the Sun (and solar-like
stars as well as galactic discs) are the source for production of turbulent magnetic
helicity fluxes. In the framework of the mean-field approach and the spectral 7 ap-
proximation, we derive turbulent magnetic helicity fluxes using the Coulomb gauge

in a density-stratified turbulence. Dlieturbulentmagnetiehelicitvliesineldenon:
gradientrand gradient contributions: The non-gradient magnetic helicity flux is pro-

portional to a nonlinear effective velocity (which vanishes in the absence of the density
stratification) multiplied by small-scale magnetic helicity, while the gradient contri-
butions describe turbulent magnetic diffusion of the small-scale magnetic helicity. In
addition, the turbulent magnetic helicity fluxes contain source terms proportional to
the kinetic o effect or its gradients, and also contributions caused by the large-scale

shear (solar differential rotation). Welhiaverdemonstratedithatitherturbulentimagnetic
helicity fluxes due to the kinetic av effect and its radial derivative in combination with
the nonlinear magnetic diffusion of the small-scale magnetic helicity are dominant in
the solar convective zone.
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1 INTRODUCTION

The large-scale solar and galactic magnetic fields are gen-
erated by a combined action of helical turbulent motions
and large-scale differential rotation due to the a2 dynamo

; ; 11980;
) ; 3 ). A non-zero
kinetic helicity produced by a rotating density stratified con-
vective turbulence, causes the kinetic « effect. The dynamo
instability is saturated by nonlinear effects. One of the im-
portant nonlinear effect is the feedback of the growing large-
scale magnetic field on the plasma turbulent motions, so
that the turbulent transport coefficients (the « effect, the
effective pumping velocity and the turbulent magnetic dif-
fusion) depend on the mean magnetic field B. The simplest
nonlinear saturation mechanism of the dynamo instability
is related to the a quenching which prescribes the kinetic
a effect to be a decreasing function of the mean magnetic

field strength, e.g., a(B) = oy (1 +§2/§jq)_l, where
o, o< —79 Hy is the kinetic o effect that is proportional
to the kinetic helicity Hy = (u-(V xu)), Eiq = 47 p (u?)
is the squared equipartition mean magnetic field, w is the
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turbulent velocity field, 7y is the turbulent time and 7 is the
mean density. This implies that the mean magnetic field
strength at which quenching becomes significant, is esti-
mated from the equipartition between the energy density
of the mean magnetic field and the turbulent kinetic en-
ergy density. When applied to galactic dynamos, this pic-
ture results in robust magnetic field models which are com-
patible with observations (see, e.g., |Ruzmaikin et al. m;
lShukurov & Subramanian”QOZlb. The above-mention non-
linearity is referred as algebraic nonlinearity.

However this picture is obviously oversimplified and var-
ious attempts to suggest a more advanced version of non-
linear dynamo theory have been undertaken (see, e.g., re-
views and books by |Brandenburg & Subramanian |2005bf;
Riidiger et al. [m)]; Rincon -; _ ﬁ, and
references therein). The quantitative theories of the al-
gebraic nonlinearities of the a effect, the turbulent mag-
netic diffusion and the effective pumping velocity have been
developed using the quasi-linear approach for small fluid
and magnetic Reynolds numbers (Riidiger & Kichatinov
|1993]; IKitchatinov et al.”1994]; Riidiger et al/|2013) and the

tau approach for large fluid and magnetic Reynolds num-




2 N. Kleeorin and I. Rogachevskii
bers (Field e [1999; [Rogachevskii & Kleeorin/[2000, 2001,
2004, [2006).

In addition to the algebraic nonlinearity, there is also a
dynamic nonlinearity caused by an evolution of magnetic he-
licity density of small-scale fields during the nonlinear stage
of the mean-field dynamo. In particular, the « effect is the
sum of the kinetic and magnetic parts, o = ay + am, where
the magnetic « effect, am o 70 Hc/(127 p), is proportional
to the current helicity H. = (b-(V xb)) of the small-scale
magnetic field b ‘Pouquet et al.”197d). The dynamics of the
current helicity H. is determined by the evolution of the
small-scale magnetic helicity density Hm = (a-b), where
magnetic fluctuations b = Vxa and a are fluctuations of
magnetic vector potential.

Magnetic helicity is fundamental quantit gneto-
hydrodynamics and plasma physics (see, e.g., .
In particular, the total magnetic helicity, i.e., the sum of
the magnetic helicity densities of the large-scale and small-
scale magnetic fields, Hv + Hm, integrated over the volume,
J(Hwm + Hw)dr®, is conserved for very small microscopic
magnetic diffusivity 7. Here Hy = A-B is the magnetic he-
licity density of the large-scale field B = V x A. Signature of
magnetic helicity has been detected in many solar features,
including solar active regions (see, e.g.,|Pevtsov et al] [M;
thanLT et al.“200d,|2012| and references therein).

The governing equation for small-scale magnetic helic-
ity density H,, has been derived for an isotropic turbu-
lence by |Kleeorin & Ruzmaiki? 1982)) and for an arbitrary
anisotropic turbulence by |Kleeorin & Rogachevskiil (1999).
This equation has been used for analytical study of solar dy-
namos dKleeorin et a1“1994],|1995|) as well as for mean-field

numerical modeling of solar and galactic dynamos (see, e.g.,
Covas et _al]|1997,1998: [Kleeorin et _all[2000| 2002, [2003H]a
2016; [Brandenburg & Subramanian [2005bl |Sokoloff et al.

helicity density of the small-scale field that determines its
transport and —2nH. is the dissipation rate of H,,. The
source of the small-scale and large-scale magnetic helicity
densities is only located in turbulent region.

The characteristic decay time of the magnetic helic-
ity density Hm of the small-scale field is of the order of
Tm = 70 Rm, while the characteristic time for the decay
of kinetic helicity is of the order of the turn-over time
70 = Lo/uo of turbulent eddies in the integral turbulence
scale {o, where Rm = {o ug /7 is the magnetic Reynolds num-
ber. The current helicity H. of the small-scale field is not an
integral of motion and the characteristic decay time of H.
varies from a short timescale 79 to much larger timescales.
On the other hand, the characteristic decay times of the
current helicity of large-scale field, Hc, and of the large-
scale magnetic helicity Hn are of the order of the turbulent
diffusion time. For weakly inhomogeneous turbulence the
current helicity density H. of the small-scale field is pro-
portional to the small-scale magnetic helicity density Hp,

| il1o0).

Using the steady-state solution of Eq. (2) with a zero
turbulent flux F™ = 0 of magnetic helicity density of
small-scale field and a zero current helicity of large-scale
field, Hc, it has been concluded that the critical mean mag-
netic field strength, Ber, at which the dynamic a quenching
becomes significant, in fact is much lower than the equipar-
tition value, €.8. Ber = Beq Rm /2 (l}[agnahimn_&ilaﬁamd
[ﬂ] Gruzinov & Dlamongl] [M) In astrophysics, e.g.,
galactic disks and in the convective zone of the sun, mag-
netic Reynolds numbers are very large. Therefore, for large
magnetic Reynolds numbers the dynamo action should sat-
urate at a magnetic field strength that is much lower than
the equipartition value. This effect is referred as to a catas-

trophic quenching of the « effect (Vainshtein & Cattaned

2006; |Zhang et al IMSL lm; Del Sordo et al. lw;
Safiullin et al. M)

As the dynamo amplifies the large-scale magnetic field,
the magnetic helicity density Hwm of the large-scale field
grows in time. In particular, the evolution of the large-scale
magnetic helicity density Hu is determined by the following
equation:

8;“ +v.-F™ —2¢.B-2Hc (1)
where € (uxb) is the turbulent electromotive force

that determines generation and dissipation of the large-scale
magnetic field, 2€ -B is the source of Hy due to the dynamo
generated large-scale magnetic field, F®™ is the flux of mag-
netic helicity density of the large-scale field that determines
its transport and Hc = B-(V xB) is the current helicity of
large-scale field.

Since the total magnetic helicity [(Hu + Hm) dr®
is conserved, the magnetic helicity density H,, of the
small-scale field changes during the dynamo action,
and its evolution is determined by the dynamic equa-

8%+v F™ = 2. B-2qH, , (2)

where —2& - B is the source of Hy, due to the dynamo gener-
ated large-scale magnetic field, F™ is the flux of magnetic

[1992; |Gruzinov & Diamond||1994)). On the other hand, the
observed large-scale field strengths in spiral galaxies is of the
order of the equipartition value (see, e.g.,
m; Shukurov & Subramanian|2021 , and the observed so-
lar and stellar magnetic fields are much larger than Ber

see, e.g.,|Moffatt|1978 ParkeﬂM;lKrause & Ridlen 1980}
Zeldovich et al)/1983).

The evolution of magnetic helicity appears however
to be a more complicated process than can simply be
described by a balance of magnetic helicity in a given
volume. It is necessary to take into account fluxes of
magnetic helicity (Kleeorin et al, [ﬂﬂ) This implies that
the turbulent transport of magnetic helicity through the
boundaries (the open boundary conditions in simula-

tions) should be taken into account (Blackman & Field
). Different forms of magnetic helicity fluxes have

been suggested in various studies (Covas et al.l|1997, |1998;
Kleeorin & Rogachevskiil [1999: [Kleeorin et al! 2000}, |2002;

Vishniac & oII Subramanian & Brandenburg [2004}

Brandenburg & Subramanian| [2005b). Turbulent fluxes of
small-scale magnetic helicity fluxes have been measured in
numerical simulations (Kipyli et al.|2010:|Mitra et all2010:
Hub bard & Brandenburg|2010, [2011, {2012t |Del Sordo et al
13), and in solar observations (Chae et al! 2001}
Panat et al. [ﬂ] Pevtsov et a] [M
2018).

Taking into account turbulent fluxes of the small-
scale magnetic helicity, it has been shown by nu-
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merical simulations that a nonlinear galactic dynamo
governed by a dynamic equation for the magnetic
helicity density Hm of small-scale field results in
a steady mean magnetic field comparable with the
equipartition magnetic field (see, e.g., |Kleeorin et al.
; 2 12002;

2005 |¢ 112006

J). Numerical simulations demonstrate
that the dynarmcs of the small-scale magnetic helicity
in the presence of the turbulent magnetic helicity fluxes
play a crucial role in the solar dynamo as well (see7

a N C C I c
m Hubbarc randenburlQ.T‘ Mm
Safiullin et al)|2018; [Rinconl|2021).

Due to very important role of the turbulent magnetic
helicity fluxes in nonlinear dynamos, in the present study we
perform a rigorous derivation of these fluxes applying the
mean-field theory, adopting the Coulomb gauge and consid-
ering a strongly density-stratified turbulence. We show that
the turbulent magnetic helicity fluxes contain non-gradient
and gradient contributions. The non-gradient magnetic he-
licity fluxes are product of a nonlinear effective velocity and
small-scale magnetic helicity. The gradient contributions de-
termine a nonlinear magnetic diffusion of the small-scale
magnetic helicity. We also demonstrate that the turbulent
magnetic helicity fluxes include source terms proportional
to the kinetic « effect or its gradients. In the present study
we do not consider an algebraic quenching of the turbulent
magnetic helicity fluxes that is a subject of a separate study.

This paper is organized as follows. In Section[2] we de-
rive equation for the magnetic helicity of small-scale fields
which includes divergence of the turbulent magnetic helicity
flux. In Section[3lwe discuss the results of calculations of the
turbulent flux of magnetic helicity of the small-scale fields.
In addition, we obtain a general form of turbulent flux of the
magnetic helicity using symmetry arguments. In Section [4]
we consider the turbulent magnetic helicity flux in the solar
convective zone. Finally, in Section[5] we discuss our results
and draw conclusions. In Appendixes[Aland[Blwe discuss ap-
proximations and procedure of the derivation of turbulent
flux of magnetic helicity. In Appendix C we determine the
effect of large-scale shear on turbulent flux of the magnetic
helicity. Applying the method described in Appendixes [A]-
[C] we determine various contributions to the turbulent flux
of the small-scale magnetic helicity in Appendix[D] In par-
ticular, we present the general form of turbulent transport
coefficients entering in the turbulent flux of the small-scale
magnetic helicity. For better understanding of the physics
related to various contributions to the turbulent flux of the
small-scale magnetic helicity, in Appendix[E] we consider a
more simple case with a large-scale linear velocity shear and
present turbulent transport coefficients in the Cartesian co-
ordinates.

2 EQUATION FOR THE MAGNETIC
HELICITY

In this Section, we derive an equation for the small-scale
magnetic helicity. The induction equation for fluctuations
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of magnetic field b reads

%:Vx [ﬁxb+u><§+u><b—(u><b)

—nV X b] , (3)

where in the framework of the mean-field approach, we sep-
arate magnetic and velocity fields into mean and fluctua-
tions, B = B + b and B = (B) is the mean magnetic
field, U = U + u, and U = (U) is the mean fluid velocity
describing, e.g., the differential rotation, 7 is the magnetic
diffusion due to electrical conductivity of fluid. The equation
for magnetic fluctuations is obtained by subtracting induc-
tion equation for the the mean magnetic field B from that
for the total field B(¢,«). The equation for fluctuations of
the vector potential a follows from induction equation (3)

da

E:Uxb+u><§+u><b7<u><b>
-V xb+ Vo, (4)
where B = Vx Aand A = A+a, and A = (A) is

the mean vector potential, b = V X a and ¢ are fluctua-
tions of the scalar potential. We multiply Eq. () by a and
Eq. (@) by b, add them and average over an ensemble of
turbulent fields. This yields an equation for the magnetic
helicity Hm = (a(x) - b(x)) of the small-scale fields as

58%:_25.§_gn<b-(Vxb))-V-F(m), )
where £ = (u X b) is the turbulent electromotive force, and

the turbulent flux of magnetic helicity F™) of the small-
scale fields is given by
F™ =UH, —(b(a-U))+{u(a-B)) —Bla-u)

—n{ax (V x b))+ (ax (uxb))—(bo). (6)
Using the Coulomb gauge V - a = 0, we obtain that
V xb=—-Aaand a = —A"!'V x b. The Coulomb gauge
also allows us to find fluctuations of the scalar potential ¢.
Indeed, equation for V - a which follows from Eq. (@), yields

expression for fluctuations of the scalar potential ¢, so that
the correlation function (b; ¢) reads

(bi @) = (bia;) Uj = (i A7 (V x u);) B;
— (b AT b;) Wi+ (i A ) (V x B);
—{(b; ATV - (uxb)). (7)
where W = V x U is the mean vorticity and (b; a;) =

—(bi A™' (V x b);). Equations (G)—(T) yield the turbulent
flux of magnetic helicity F™ of the small-scale fields as

F™ =T Ho + W, (b; A7 0;) + B (ui ay)
~Bi (uja;) + By (b: A7 (V x u);) + F”
—(VxB); (b A ) + F}”I’, (8)
where (uia;) = —(ui AT (V x b)), FM =

—n{a x (V x b)) is the flux caused by the microscopic
magnetic diffusion  and FIY is the flux that is determined
by the third-order moments, is given by

FU = (bAT'V - (ux b)) + (a x (ux b)). 9)

Equations (5)-(9) are exact equations. Note that only in
the Coulomb gauge, the scalar potential ¢ is described by
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the stationary equation. For all other gauge conditions, the
scalar potential ¢ is determined by a non-stationary equa-
tion. Also for the Coulomb gauge the relation between the
magnetic « effect and small-scale magnetic helicity is most
simple.

3 GENERAL FORM OF TURBULENT FLUX
OF THE MAGNETIC HELICITY

In this Section we discuss the results of calculations of the
turbulent flux of magnetic helicity of the small-scale fields.
General form of turbulent flux F™) of the magnetic helic-
ity can be obtained from symmetry reasoning. Indeed, the
turbulent flux F™ is the pseudo-vector which should con-
tain two pseudo-scalars: the magnetic helicity, Hm, and the
kinetic «a effect, ., and their first spatial derivatives. In
addition, the contributions F;SO) to the turbulent magnetic
helicity flux caused by the large-scale shear (differential ro-
tation) should contain the the pseudo-vector W = V x U,
where U = §Q x 7 is the large-scale velocity describing the
differential rotation 6€2.

All turbulent transport coefficients entering in the tur-
bulent flux F™ of magnetic helicity of the small-scale fields
should be quadratic in the large-scale magnetic field B, i.e.,
they should be proportional to B or Vi =B /(47p), where
7 is the mean plasma density and Va is the mean Alfvén
speed. On the other hand, the turbulent flux F™) of the
magnetic helicity should vanish in the absence of turbulence.
This implies that all turbulent transport coefficients enter-
ing in the turbulent flux F™ should be proportional to
turbulent correlation time 79 or turbulent integral scale (o.
Some of the turbulent transport coefficients are caused by
the plasma density stratification, i.e., they are proportional
toA=—-Vinp.

Using the theoretical approach based on the spectral 7
approximation which is valid for large fluid and magnetic
Reynolds numbers, and the multi-scale approach, we obtain
the turbulent flux of the small-scale magnetic helicity as

F = (T 4+ V™) Ho = DY Vi Hin 4+ N
+Mi(;x> vjax + Fi(so)v (10)

where o, = —70 Hy/3 is the kinetic « effect. Details of the
derivation of Eq. (I0) are described in Appendixes[Al[C] The
general form of the turbulent transport coefficients entering
in the turbulent flux of magnetic helicity of the small-
scale fields is given by Eqs. (D2)-(D6) in Appendix[D] These
turbulent transport coefficients of the turbulent magnetic
helicity flux in spherical coordinates are given in the next
section and in the Cartesian coordinates are discussed in
Appendix

The turbulent flux of the small-scale magnetic helic-
ity includes the non-gradient and gradient contributions.
The non-gradient contribution to the turbulent flux of mag-
netic helicity is proportional to the sum of the mean velocity
U = 6Q x r and the turbulent pumping velocity V™ which
is multiplied by small-scale magnetic helicity Hy,, while the
gradient contribution fDEJH) V,;Hm describe the turbulent
magnetic diffusion of the small-scale magnetic helicity. The
effective pumping velocity of the small-scale magnetic helic-
ity VM vanishes in the absence of the density stratification.

In addition, the turbulent magnetic helicity flux contains the
source term IN(®) oy proportional to the kinetic « effect,
and the source term —Mi(;‘) Vo, proportional to the gra-
dient V;ay of the kinetic a effect. The turbulent magnetic
helicity flux also have contributions caused by the large-scale
shear (differential rotation) in the turbulent flow.

We assume that the turbulent flux of the magnetic he-
licity F'Y containing the third-order moments [see equa-
tion ([@)], is determined using the turbulent diffusion ap-
proximation as FUD — fD;H) V H.,. The contribution to
the turbulent magnetic helicity flux, fD(TH) V Hy,, caused by
the turbulent diffusion, has been used in mean-field numer-
ical simulations by|Covas et al.| d 1997| |1998|);|K1eeorin et al]
(2009, 2003d).

The turbulent diffusion of the small-scale magnetic he-
licity can be interpreted as follows. The random flows exist-
ing in the interstellar medium consist of a combination of
small-scale motions, which are affected by magnetic forces
resulting in a steady-state of the dynamo, and a micro-
turbulence which is supported by a strong random driver
(e.g., supernovae explosions which can be considered as inde-
pendent of the galactic magnetic field). The large-scale mag-
netic field is smoothed over both kinds of turbulent fluctua-
tions, while the small-scale magnetic field is smoothed over
micro-turbulent fluctuations only. It is the smoothing over
the micro-turbulent fluctuations that gives the coefficient
D;H) = Cpn, with a free dimensionless constant Cp ~ 0.1.
Here 7, is the turbulent diffusion coefficient of the mean
magnetic field.

The magnetic helicity flux F™ = —p(a x (V x b))
due to the microscopic magnetic diffusion 7 is given by
F = —%nVH,n. This flux in astrophysical systems is very
small and neglected here.

4 TURBULENT MAGNETIC HELICITY FLUX
IN THE SOLAR CONVECTIVE ZONE

In this Section we discuss the results of calculations of the
turbulent magnetic helicity flux in the solar convective zone,
where we use spherical coordinates (7,9, ¢). The radial tur-
bulent flux of the small-scale magnetic helicity is given by

F™ = V™ Hy — DDV Hu + N oy
+M Vo + FSY. (11)

The general forms of the turbulent transport coefficients en-
tering in the turbulent flux F™) of magnetic helicity of
the small-scale fields are given by Eqs. (D2)-(D6) in Ap-
pendix [D] In view of applications to the solar convective
zone, the turbulent transport coefficients of the turbulent
magnetic helicity flux in spherical coordinates are specified
below:

v = f%mﬁ A1+782 — % sin 7060 8,8, |, (12)
DU =D 1 LV (5 452), (13)
D — Wﬁ V2 608, B, cos ), (14)
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Turbulent magnetic helicity fluzes in solar convective zone 5

N = —%egﬁﬁ [1 L 1a=2 g
% 70092 Br By smﬁ} (15)
MY = BLGE |1 PR
—%m 596, Bo sinﬁ}, (16)
M = 8§Z 1)62 7069 B, B, cos ¥, (17)
2 VA 3
FBO = ——59 cosﬂ{élfgﬁi + { u§> (1 — Hﬁf)

+3 1)} o (b >} (18)

where 3 = E/E is the unit vector along the mean mag-
netic field, U = 6Qr sind e, is the mean velocity caused
by the differential rotation 6Q = Q(r,9) — Q(r = Re,9).
Here Q(r = Re,¥) = Qo(1 — Cacos® 9 — Cycos* ) with
Qo = 2.83 x 107° s7', Cy = 0.121 and Cy = 0.173
(LaBonte & Howard M), Rg is the solar radius, A = A e,
l, is the energy containing scale of magnetic fluctuations
with a zero mean magnetic field and ¢ is the exponent
the spectrum of the turbulent kinetic energy (the exponent
q = 5/3 corresponds to the Kolmogorov spectrum of the
turbulent kinetic energy).

In derivation of Eqs. (I2)-([I8), we take into account
that for weakly inhomogeneous turbulence H. =~ Hyu /{3,
and we neglect small terms ~ O[3 /L2 ] with Ly, being char-
acteristic scale of spatial variations of Hyn,. We neglect also
small contributions proportional to spatial derivatives of the
mean magnetic field, and spatial derivatives of <u2> and 69).

Let us discuss the obtained results. For illustration, in
Fig. [[] we show the radial profile of the total angular veloc-
ity Q(r)/Qe in the solar convective zone that includes the
uniform and differential rotation specified for the latitude
¢« = 30° . The theoretical profile (solid line) of the to-
tal angular velocity dRogachevskii & Kleeorin”2018|) is com-
pared with the radial profile of the solar angular velocity
(stars) obtained from the helioseismology observational data
(Kosovichev et al.||1997) specified for the latitude ¢ = 30°
and normalized by the solar rotation frequency Qe (¢« = 0)
at the equator, where Q/Qq is given by Eq. (3.14) de-
rived by |Rogachevskii & Kleeorin] (|2018). In Figs. we
also show the radial profile of the kinetic « effect, o /omax
which is specified for the latitude ¢ = 30° and given by
Eq. (22) derived by|Kleeorin & Rogachevskii (2003).

In the upper part of the solar convective zone for
the latitude ¢« > 0 (the Northern Hemisphere), the ki-
netic a effect is positive, o, > 0 (see Fig. [Z). On the
other hand, the magnetic « effect in this region is nega-
tive, i.e., a,, = 70 H/(47p) < 0. This implies that the
current helicity H. < 0 as well as the magnetic helicity
Hyn < 0 are negative the Northern Hemisphere. Here for
simplicity, we choose the radial profile of the poloidal and
toroidal field as B, = By sin[r(r — 0.73R)/(0.6Re)] and

© 0000 RAS, MNRAS 000, 000-000
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Figure 1. The theoretical radial profiles of the total angular ve-
locity (r)/Q (solid) that includes the uniform and differential
rotation specified for the latitude ¢« = 30° and the normalized
kinetic « effect, oy /oumax (dashed). The theoretical profile of the
total angular velocity is compared with the radial profile of the
solar angular velocity obtained from the helioseismology observa-
tional data (stars) specified for the latitude ¢, = 30° and normal-
ized by the solar rotation frequency Qg (¢« = 0) at the equator
(Kosovichev et al. 1997), where R is the solar radius. The profile
oy (r) = af:f; is given by Eq. (22) derived by Kleeorin & Ro-
gachevskii (2003), and Q(r)/Qq is given by Eq. (3.14) derived
by Rogachevskii & Kleeorin (2018).
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Figure 2. The radial profile of the normalized kinetic a effect,
Gy = Oy /Qmax, specified for the latitude ¢« = 30° and given by
Eq. (22) derived by Kleeorin & Rogachevskii (2003).

B, = Byo cos[r(r — 0.73R)/(0.6Re)], where B, is the
surface mean magnetic field measured in Gauss. To avoid
catastrophic quenching, the radial component of the turbu-
lent flux of the small-scale magnetic helicity F™ < 0should
be negative for the Northern Hemisphere.

In Figs. [3] and @ we show the radial profiles of the
effective pumping velocity V™ (r) and turbulent diffusion
D () of the small-scale magnetic helicity. In Figs.[5land[6]
we plot the radial profiles of the turbulent magnetic helic-
ity fluxes caused by the source terms Fl(a)(r) = N«
and Fsa)(r) = M V,ay, which are proportional to the
kinetic « effect and its radial derivative, as well as their
sum Fr(a)(r) = Nr(a) oy + Mﬁf) Vray. In Fig. [6] we also
show the contribution F©&9(r) to the turbulent magnetic
helicity flux caused by the large-scale shear (differential
rotation). Finally, in Fig. [[] we plot the radial profile of
the total source flux of the magnetic helicity Fioi(r) =
N ay + ME) Veay, + FS? that is independent of the
magnetic helicity and its radial derivative.

As follows from Figs. BHZl as well as Eqs. (I1)—{8)), the
negative contribution to the turbulent magnetic helicity flux
F,<m) in the range of the generation of the mean magnetic
field, is due to the source flux FY = N Qe + M Vo,
and the contribution F° to the turbulent magnetic he-
licity flux caused by the large-scale shear (differential ro-
tation). Here we take into account that 6Q > 0 at 0.8 <
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Figure 3. The radial profile of the effective pumping velocity
VT<H) of the small-scale magnetic helicity given by Eq. (I2), and
measured in m s~ 1.
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Figure 4. The radial profile of turbulent diffusion D$E> (r) of the

small-scale magnetic helicity given by Eq. and measured in

cm? 571,
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Figure 5. The radial profile of the turbulent magnetic helicity
fluxes caused by the source terms Fl(u) = NT((” oy, (dashed) and
Féo‘) = M Vray (dashed-dotted) which are proportional to
the kinetic « effect and its radial derivative, as well as their sum
FL) = N Qe + M Vray (solid), where N and MY are
given by Egs. and (I6), respectively. The fluxes are specified

for the latitude ¢« = 30° and measured in G2 cm? s~1.
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Figure 6. The radial profiles of the turbulent magnetic helicity
fluxes caused by the source terms Fl(a) = Nr(a) oy, (solid), Féa) =
M) Vray (dashed) and the contribution F,ESO) (dashed-dotted)
to the turbulent magnetic helicity flux caused by the large-scale
shear (differential rotation) , where Nr(a)7 Mr(g) and FT(SO) are
given by Egs. (I5)), and (18], respectively. The fluxes are
specified for the latitude ¢+ = 30° and measured in G2 cm? s~ 1.
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Figure 7. The radial profile of the total source flux Fiot =
Nr(a) Qg +Mr(7of) Vo +F,SSO> of the magnetic helicity that is in-
dependent of the magnetic helicity and its radial derivative. Here
the flux is measured in G2 cm? s~1.
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Figure 8. Turbulent diffusion flux r2ptP) (solid line) and the
flux r2 [FT(D)(T‘) + Fiot ()] (dashed-dotted line) of magnetic helic-
ity per unit solid angle which are measured in Mx? h~—1.

r/Re < 1 (see Fig. [1), where the differential rotation
0N =Q(r) — Qr = Ro).

The small-scale magnetic helicity is not accumulated
inside the solar convective zone due to turbulent magnetic
diffusion flux, FT<D). In Fig.we show the turbulent diffusion
flux r?F”) (solid line) of magnetic helicity per unit solid
angle and the flux [F\") (1) 4 Fiot (r)] r? (dashed-dotted line)
of magnetic helicity per unit solid angle which are measured
in Mx?> h™'. As follows from Fig. B the flux [F\”)(r) +
Fiot(r)] 72 (the sum of the turbulent diffusion flux and total
source flux of magnetic helicity) of small-scale field per unit
solid angle is independent of 7, i.e.,

[EP) (1) + Fios(r)] r? & Fiot(r = 0.73Ro) (0.73R)%. (19)

Here we take into account that the turbulent diffusion flux
FT<D)(T = 0.73Rs) — 0 vanishes at the bottom of the con-
vective zone, r = 0.73Rs, where the turbulence intensity
vanishes (see Fig. [8). Equation (I9) implies that there is
no accumulation of small-scale magnetic helicity inside the
solar convective zone.

In Fig. [9] we compare the theoretical predictions for
flux ®p = F”)(r = Re)R% 6¢. with the observational
values of ®p which are taken from Fig. 8a by

), where time variations of the rates of magnetic helic-
ity change by photospheric motions (which do not include
differential rotation) are shown. Here the flux ®p is mea-
sured in Mx? h™! and §¢. = 27 sin(r/4) is the solid angle
corresponding to the thickness of the Royal sunspot region.
The theoretical values for ®p are given for different values of
the mean magnetic field, Bt and Etop, at the bottom and
top of the solar convective zone (see the caption of Fig. @
Note that the measurements of the magnetic helicity flux
are based on the equation 0Hy /0t = —2 §(u - ap)b. dS
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Figure 9. Comparison of the theoretical predictions for ®p =
FT<D) (r=Rp) R2® d¢« with the observational values of ®p (slant-
ing crosses) which are taken from Fig. 8a by Chae et al. (2001),
where time variations of the rates of magnetic helicity change
by photospheric motions (which do not include differential ro-
tation) are shown. Here the flux ®p is measured in Mx? h~1!
and d¢« = 2w sin(w/4) is the solid angle corresponding to the
thickness of the Royal sunspot region. The theoretical values for
®p are given for different values of the mean magnetic field, By,
and Biop, at the bottom and top of the solar convective zone (i.e.,
thick solid line is for Bpo; = 103 G and Etop = 8 G; dashed line
is for Bpot = 1.4 x 103 G and Biop = 11 G and dashed-dotted
line is for Bpot = 2 x 103 G and Bop = 16 Q).

(Chae et _all2001); [Pevtsov et all|2014), where we use here
the lower-case letters for the small-scale fields. This im-
plies that the measurements by ) are based
on the calculation of the third-order moment, ((u - a;)b.),
which we describe using the turbulent diffusion approxima-
tion, F,«(D) = —Dﬁ) V.Hp. As follows from Fig.@ the the-
oretical predictions for flux ®p are in agreement with the
observational values of ®p.

5 DISCUSSION AND CONCLUSIONS

In the present study, turbulent magnetic helicity fluxes of
small-scale field are derived applying the mean-field ap-
proach and the spectral 7 approximation using the Coulomb
gauge in a density-stratified turbulence. The turbulent mag-
netic helicity fluxes contain non-gradient contribution that
is proportional to the effective pumping velocity multiplied
by the small-scale magnetic helicity. There is the gradient
contribution to the turbulent magnetic helicity flux describ-
ing the turbulent magnetic diffusion of the small-scale mag-
netic helicity. The turbulent magnetic helicity flux includes
also the source term proportional to the kinetic « effect or
its radial gradient. Finally, there is a contribution to the
turbulent magnetic helicity flux due to the solar differential
rotation.

The convective zone of the Sun and solar-like stars as
well as galactic discs are the source for production of turbu-
lent magnetic helicity fluxes. The turbulent magnetic helic-
ity flux due to the kinetic « effect and its radial derivative
in combination with the turbulent magnetic diffusion of the
small-scale magnetic helicity are dominant in the solar con-
vective zone. The turbulent magnetic helicity fluxes result in
evacuation of small-scale magnetic helicity from the regions
of generation of the solar magnetic field, which allows to
avoid the catastrophic quenching of the « effect. The small-
scale magnetic helicity is not accumulated inside the solar
convective zone due to turbulent magnetic diffusion flux.

The magnetic helicity fluxes are measured in the solar

© 0000 RAS, MNRAS 000, 000-000

surface. Most of the measurements of the magnetic helicity
fluxes are performed in active regions. The contributions to
the measured magnetic helicity flux are from both, the solar
surface and solar interiors.
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APPENDIX A: DERIVATION OF TURBULENT
FLUX OF MAGNETIC HELICITY

In this Section we derive turbulent flux of the magnetic he-
licity. We consider developed turbulence with large fluid and
magnetic Reynolds numbers, so that the Strouhal number
(the ratio of turbulent time 7 to turn-over time fo/ug) is
of the order of unity, and the turbulent correlation time is
scale-dependent, like in Kolmogorov type turbulence. In this
case, we perform the Fourier transformation only in k space
but not in w space, as is usually done in studies of turbulent
transport in a fully developed Kolmogorov-type turbulence.
We take into account the nonlinear terms in equations for ve-
locity and magnetic fluctuations and apply the 7 approach.

The 7 approach is a universal tool in turbulent trans-
port for strongly nonlinear systems that allows us to ob-
tain closed results and compare them with the results of
laboratory experiments, observations, and numerical simu-
lations. The 7 approximation reproduces many well-known
phenomena found by other methods in turbulent transport
of particles and magnetic fields, in turbulent convection and
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stably stratified turbulent flows for large fluid and magnetic
Reynolds and Péclet numbers.

To derive equations for the turbulent fluxes of the mag-
netic helicity, we need expressions in a Fourier space for
the cross-helicity tensor g¢ij(k) = (ui(t,k)b;(t,—k)) and
the tensor hi;(k) = (bi(t, k) b;(t, —k)) for magnetic fluctua-
tions. Indeed, as follows from Eq. (8), the turbulent fluxes of
the magnetic helicity depend only on the second moments
gi; and hij (except for the last two terms, 7 (a x (V x b))
and FID which are considered separately). Using induction
equation (3) for magnetic fluctuations b and the Navier-
Stokes equation for velocity fluctuations w written in a
Fourier space, we derive equations for the cross-helicity ten-
sor g;j(k) and the tensor h;;(k) for magnetic fluctuations
as

258) 16 B~ 1B [o0) — (0]
FROGID (k) (A1)

23 =i (kB) [9:5(0) — g1s(—k)]
+% (F-V) [gw-(k) + gji(—k‘)] + MORI k), (A2)

where in Egs. (AL)-(A2) we neglect terms proportional
to spatial derivatives of the mean magnetic field [i.e.,
terms o« O(ViB,)]. Here fi;(k) (ui(t, k) ui(t, —k)),
and ./\;l(b)ggn) and ./\;l(b)hgn) are the third-order moment
terms appearing due to the nonlinear terms:

M(wg(?”)(k) =

<Ui(t, k)T (1, —k)>
Jr<6u,(1t k:)

b, 0,-0)). (A3)

MO (k) = <b (t, k) T (¢, 7k)>

- <T§b> (t, k) b; (t, —k)> , (A4)
where

T = [V X (uxb— (uxb))], . (A5)

Equations (AL}-(A2) for the second moment includes
the first-order spatial differential operators applied to the
third-order moments ./\;l(wggn)(k) and ./\;l(b)hl(-]I.H)(k). A
problem arises how to close the system, i.e., how to express
the third-order moments through the lower moments, g;;
and hi; denoted as FUD. We use the spectral 7 approxi-
mation which postulates that the deviations of the third-
order moments, denoted as MFU!D (k). from the contribu-
tions to these terms afforded by a background turbulence,
MF(III’O)(k), can be expressed through the similar devia-
tions of the second moments, FUD (k) — FULO) (k) as

MFID () —

NPT () = —- zk) [F(II)(k)

~FUO (k)] (A6)

where 7,(k) is the scale-dependent relaxation time, which
can be identified with the correlation time 7(k) of the tur-
bulent velocity field for large fluid and magnetic Reynolds
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numbers. The functions with the superscript (0) corre-
spond to the background turbulence with a zero mean
magnetic field. Validation of the 7 approximation for
different situations has been performed in various nu-
merical simulations (Brandenbure et all M m 2012;

Brandenburg & Subramania. 2005!_:] a;|Radler et all|2011);

ogachevskii et al. - Hauéen et al] 2012;

Elperin et al. m) When the mean magnetlc field is zero,
the turbulent electromotive force vanishes, which implies
that glo) (k) = 0. We also take into account magnetic fluctu-
ations caused by a small-scale dynamo (the dynamo with a
zero mean magnetic field). Consequently, Eq. reduces
to Mg (k) = —gij(k)/7(k) and MR (k)
[ () = B3 (R))/7 ().

We assume that the characteristic time of variation
of the second moments g;;(k) and h;;(k) are substantially
larger than the correlation time 7(k) for all turbulence
scales. Therefore, in a steady-state Eqs. (Adl) and (A2) yield
the following formulae for the cross-helicity tensor g:;(k) =
(ui(k)bj(—k)), and the function h;;(k) = (b;(k) b,;(—k)):

0 =~ {[1 (B) - 3 (B9)] [k

—hij(k)] - B; (i kn — %Vn) fin(k)}7 (A7)

his (k) = h® (k) + 72 (k) (k-E) {2(1;-?) fis (k)

ko (B il + B £y (80 | (A8)

In Eqs. (A7)-(A8) we neglect small contributions propor-
tional to spatial derivatives of the mean magnetic field. Since
we consider a one way coupling (i.e., we do not consider the
algebraic quenching of the turbulent fluxes of the magnetic
helicity), the correlation functions fi; and h;; in the right-
hand sides of Eqs. (A7)—(AS8) should be replaced by fi(;)) and

hE]), respectively.
We use the following model for the second moment,

fZ(JO)(k R) = (ui(k)uj(—k))® of velocity fluctuations in

en51t stratified and helical turbulence in a Fourier space
(Rédler et al. m

7= 8+ o]

1. N
T2 [15ijp kp + (€jpm kip + €ipm kjp)AM] Hu}a (A9)

where §;; is the Kronecker tensor, ki;j = k;k;/k* and
Am = Am — Vi /2. The energy spectrum function F, (k)
of velocity fluctuations in the inertial range of turbulence
is given by E.(k) = (¢ — 1) ky "' (k/ko)™7, where the ex-
ponent ¢ = 5/3 corresponds to the Kolmogorov spectrum,
ko < k < ku, the wave number ko = 1/{y, the length £
is the maximum scale of random motions, the wave num-
ber k, = £, the length £, = foRe~%/* is the Kolmogorov
(viscous) scale. The expression for the turbulent correlation
time is given by 7(k) = 270 (k/ko)* 9, where 10 = £o/uo is
the characteristic turbulent time. In Eq. we take into
account inhomogeneity of the kinetic helicity.
The model for the second moment, hl(.?)(k, R)

(bi (k) bj(—k)) | of magnetic fluctuations in a Fourier space
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is analogous to equation (AQ)

1 1.
hY = — {Eb(k) (0i5 — ki) (b”) — 5 {15“1’ kp

1
2 oo kip + €iom m)vm} H ok — ko>}, (A10)

where H. = (b-(V X b)) is the current helicity, Ey(k) =
(gm — 1) k; ' (k/ky)™% is the magnetic energy spectrum
function in the range ky < k < k;, the wave number
kv = 1/0p, the length ¢, is the maximum scale of magnetic
fluctuations caused by the small-scale dynamo, and the ex-
ponent ¢, = 5/3 corresponds to the Kolmogorov spectrum
for the magnetic energy. In Eq. we take into account
inhomogeneity of the current helicity. We also take into ac-
count that due to the realizability condition, the current
helicity of the small-scale field is located at the integral tur-
bulence scale (Kleeorin & Rogachevskiill1999).

For the integration over angles in k-space we use the
following integrals:

27 T
/ d(p/ Sinﬁd’l? kij = 4_7I' (Sij, (All)
0 0 3

27 T
/ dcp/ sin ¥ dd kijmn = im Asjmn, (A12)
0 o 15

27 ™ 4
/ dcp/ sin ¥ d¥ Kijmnpg = - Aijmnpq, (A13)
0 o 105
where

Aijmnpq = Amnpq 5ij + Ajmnq 52'12 + Aimnq 5jp
+Ajmnp 67Lq + Aimnp 5jq + A'ijn 6pq - Aiqu 5mna
(A15)

and kij = ki k‘j/k2, kijmn = ki k]‘ km kn/k4 and
kijmnpqg = ki kj km kn kp kq/kG. We also take into account
that Aijmm = 5(51']' and Aijm’npp = 7Aijmn-

For the integration over k we use the following integrals
for large Reynolds numbers, Re= uolo /v > 1:

ku
[ Buwy di =, (A16)
ko
" 7 (k) Eu(k) g—1_p»
/ko k== (A17)
b 72 (k) Eu(k) 4g—1) 5
dk = b4 Al
/ko 2 31 To *o, (A18)
M, 4
7(k) Bu(k)dk = =1 (A19)
ko 3

Using Egs. (A7)—(BI5), and integrating in k space, we
determine various contributions to the turbulent flux of
the small-scale magnetic helicity, see also Appendix[D] The
details of the derivations of the effect of large-scale shear
on turbulent fluxes of the magnetic helicity are discussed in
Appendix[C]

APPENDIX B: DERIVATION OF EQUATIONS
FOR THE SECOND MOMENTS

In this Appendix we derive Eqs. (A1)-(A2) for the cross
helicity tensor gij(k) = (ui(t,k)b;(t,—k)) and the tensor
hij(k) = (bi(t,k)b;(t,—k)) for magnetic fluctuations. To
this end, we perform several calculations that are similar
to the following. We use the equation for magnetic fluctu-
ations obtained by subtracting equation for the mean mag-
netic field from the equation for the total field:

9% _ Vx (uxb— (uxb)) —nAb= (B-V)u — (u-V)B.

ot

(B1)
The source term, (B-V)u, in the right hand side of Eq. (BI)
in a Fourier space reads:

(BV)ul, = ik [B@ulk-Qda (62

so that the induction equation for b;(kz) in k space is given
by:

a . —
B — ik [B@uh: - Qaq
~un(k2) VaBj + N (k2), (B3)

where k® = ko = —k + K /2. We use the identity:

0 Ou;(k1,t)
2 (wslhn, )1y s, 1) = ( 2900 b, k)

+ <ui(k1,t) %> . (B4)

First we derive equation for the second term in the right
hand side of Eq. (B4). To this end, we multiply Eq. (B3)
by wu;(k1) and averaging over ensemble of turbulent velocity
field, where ki1 = k + K /2. This yields:

<u(k>%> —i (-, 1,/2) [ Q@)

X (wi(k1) uj (ke — Q)) — (ui(k1) un(k2)) VB,
+ (uilkn) N (k2)) (B5)

where for brevity of notations we omit the argument ¢ in the
velocity and magnetic fields. Next, we perform in Eq. m
the Fourier transformation in the large-scale variable K, i.e.,
we use the transformation

F(R) = / F(K)exp(i K-R) dK.

The first term S;;(k, R) in the right hand side of the ob-
tained equation [which originates from the first term in the
right hand side of Eq. @], is given by:
Sue. ) =i [ [ Bo(@) (oky+ Ky/2) expli K-R)
x{ui(k + K /2)uj(—k + K /2 — Q)) dK dQ. (B6)
Next, we introduce new variables:
k=(ki—k:)/2=k+Q/2,
K=k +ks=K-Q, (B7)
where

ki = k+K/2, ko=-k+K/2-Q. (B8)

(© 0000 RAS, MNRAS 000, 000-000
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Therefore, Eq. (B6) in the new variables reads

s R) =1 [ [ 1+ Q2K - Q) By(@)
% (—kp + K,/2) exp (i K-R) dK dQ. (B9)
Since |Q| < |k|, we use the Taylor expansion
fii(k+Q/2, K — Q) ~ fij(k, K — Q)
2B K9 L o), (B10)

2 ks
and the following identity:

Volfistk, RIB, ()] =1 [ 4K K £k, RYB, (R)
x exp (1K-R), (B11)
where
sk RB,(R)x = [ £k K -~ QB (Q) Q.
(B12)
Therefore, Egs. (B9)(B11) yield

Siy (ke R) ~ [—i(k-ﬁ) +5(B- V)] fii (s, R)

9fi; (k)
——k AV B13
2 Oks (B13)
We take into account that the terms in g¢;;(k, R) with
symmetric tensors with respect to the indexes ”i” and ”j”

do not contribute to the turbulent electromotive force be—
cause Em = Emij fgij(k, R) dk. In g;;(k, R) we also neglect
the second and higher derivatives over R. This procedure
yields Eq. (AI). Similar calculations are performed to de-
rive Eq. (A2).

To determine various contributions to the turbulent flux
of small-scale magnetic helicity, we use the following identi-
ties:

(A, =—k" [1 + l(kkizw} , (B14)
(A7Y),, =+ [1 - 1(127;)} . (B15)

APPENDIX C: EFFECT OF LARGE-SCALE
SHEAR

In this Appendix we determine the effect of large-scale
shear on turbulent ﬂuxes of the magnetic helicity. The
cross-helicity tensor 91 )(k) (vi(k) bj(—k)) in turbulence
with large-scale shear is given by dRogachevsku & Klecorin|
[2004):

(5)
oS (k) = —ir (k- B) [fff)(k) s ("’)

+7 Jijmn (ﬁ) <f(0> (k) 47r£)k) >:| ’ (Cl)

where the effect of large-scale shear on the tensors ffjs> (k) =
(vi(k) v;(—k)) and h{;' (k) = (bi(k)b;(—k)) is determined
by

F (k) = 7 Lijmn (T) £ (K), (C2)
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W) (k) = 7 Eijmn (T) B (K), (C3)

and the tensors lijmn(U), Eijmn(U) and Jijmn(U) are
given by

Iz]mn(ﬁ) - {kaq(smpé]n + 2qu57;m(5pn - 5inz5jq5np

9
"k,
i\

—5 [(kiajnapm — Kibimbon ) (2hera — 5ro

(a SinOrm — a,b-maj,,ém) — 2k (kéjé

_6iq5jn5mp + 4kpq5im5jn + 6im5jnk

fkj(s,.m(sm)} }vpﬁq, (C4)

Eijmn (ﬁ) - |:6im6jq6pn + 6iq5jn6pm

+0imjnk i} VU, , (C5)

1Dk,

Jijmn (ﬁ) - {Qkiqajn(;pm - 5'Lq6jn6pm + 5im6jq6pl

0 i
+2kpq6i7n5jn + 6im6jnkq 8](5 2k2 |:kz(5]n(5p'm
x (2k,.q - 5,.q) 4 8jnbrm (kq Sip — 2k kpq)] }vpﬁq

(C6)
Using Eqs. (A9)- and Egs. (CI)—(C6), and integrating

in k space, we determine various contributions (§) to the
turbulent flux of the small-scale magnetic helicity caused by
the differential rotation, see Appendix D]

APPENDIX D: GENERAL FORM OF
TURBULENT TRANSPORT COEFFICIENTS

Applying the method described in Appendixes]AHC] we have
determined various contributions to the turbulent flux of the
small-scale magnetic helicity. In particular, the general form
of turbulent flux of the small-scale magnetic helicity is given

by
F™ =V Hy — DV Vi Hu + N oy
+Mi<]q) vja}{ + Fi(SO)v (Dl)

where the turbulent transport coefficients are given below.
The turbulent pumping velocity VI of the small-scale
magnetic helicity is

v = L7 {A+ B3 N) + 2o [28 (W x A)

FE2B N (W x 8) 2@ + B(1TW - (8 x \)

+582-Q) =319 (8- X) ~3A(8-Q)

1B N6 W)| . (D2)
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Here 3 = B/B is the unit vector along the mean magnetic
field, Vo = B/(47p)"/? is the mean Alfvén speed, W =
V x U is the mean vorticity, the vectors Q" and QW) are
defined as Q) = B, (0U)ms and Q™ = A, (97)ms, and
the gradient of the mean velocity V,;U; is decomposed into
symmetric, (9U)i; = (V,U; +V;U;)/2, and antisymmetric,
Eijp WP/Q parts, i.e., VZUJ = (87)” + Eijp Wp/2

The total diffusion tensor DS{) that describes the mi-
croscopic and turbulent magnetic diffusion of the small-scale
magnetic helicity, reads:

30
X(W-B) By +86:i (Bx W), +148; (B x W);

_ 1 _
+4igm €jpn Bm Bn (OU )pq + 7 (8(q +1) (0U)4;

1 —
DY = DSV 65 + =0 Va {55ij —4B:i B + 1o |:8Eijp

+2(41 + 349) 5; QY +2(1 — 69) B; Q1P + (1 + 86

x(B- Q(’B)))} } + %0 [TZT + %Tovi} gijp Wp.  (D3)

In derivation of Eqs. (D2)-(D3), we take into account that
H. = Hw /03, and we neglect small terms ~ O[¢3/LZ] with
L being characteristic scale of spatial variations of Hy,.
The turbulent magnetic helicity flux also includes the source
term N o, caused by the kinetic a effect with N (*) being

a 1 o2 79 —2 (¢g—1)m0
1060 { q B-2) (3¢ —-1)

X [10 (8 x W) (B-X) = 37(W - B) (B x A) — 4Q™
~1ex @)+ 2 (19816 % W) A - 1Q
X(ﬂ)\)—24,6’(>\~Q(ﬁ’)+4>\(ﬂ~Q(5>))]}, (D4)

where QEB’M = (B8 X A)m (0U).mi. The contribution to the
turbulent magnetic helicity flux, oc — £3 B oy [see the first

term in equation ! , caused by the kinetic « effect, has
been suggested by|Kleeorin et al.l (2000, 12002, |2003al).
The turbulent magnetic helicity flux contains also the

source term Mi(f‘) Vo, caused by the gradient V;a, of the
kinetic « effect with Mi(f> being

“ 1 —2
M) = T.quB {(2q —1)di; + (20q — 23) Bi B;

16g(qg —1)7o

+ 3qg—1

{Bz‘ (BxW); + (W - B)eijp @a} }
(D5)

The additional contribution F®% to the turbulent magnetic
helicity flux caused by the large-scale shear (differential ro-
tation) is given by

soy _ q—1 o5 o = 2 52 =
+(3¢ —10) (B- W) B+ (8 x Q)[8q + 35
+e(8q— 20)]]. (D6)

Here € = £ <b2> /(6% 4mp <u2>), and /; is the energy con-
taining scale of magnetic fluctuations with a zero mean mag-
netic field. The contribution to the turbulent magnetic he-

licity flux, o< £3 B’ (B x QW) [see the last term in equa-
tion (DE6)], caused by the large-scale shear, has been derived
by Mgw (20054l), using a general
expression originally suggested by % .
To derive equations for the turbulent magnetic helicity
flux due to the differential rotation in spherical coordinates,
we use the identities given below. The large-scale shear ve-

locity U = 62 x 7 is caused by the differential (non-uniform)
rotation, that is in spherical coordinates (7,4, ¢) reads

0 = 0Q(r, V) (cos ¥, —sin 1, 0), (D7)

and the stress tensor (9U);; reads

(87)” = % (Eimnvj' + €jmnvi) Q. (D8)

The vectors Q?) and Q™ defined as Q) = B (U )mi
and QEM = A (OU) i, are given by
QY = (rxPB)m(ViQn)—7x (8- V)52, (D9)

QY = —rx(A-V)éQ, (D10)

where A = \e, and 3 = B/B = (B, B9, By). We also use
the identity

Eigm Ej:Dn ﬁm Bn (8U)pq = % (T ) 13) [(ﬂ X V)l (;Qj
+(Bx V); 5Qz’] - %Bm [Ti (BxV);

We have taken into account that (,8 X Q(ﬁ)) = 0(ViN),

i.e it does not contain contributions oc €2, but it includes
their spatial derivatives, V€. Using Eqs. (D1)—(D11), we
determine various contributions to the turbulent flux of the
small-scale magnetic helicity in spherical coordinates, see

Eqs. (1I)-(I8).

APPENDIX E: TURBULENT TRANSPORT
COEFFICIENTS IN THE CARTESIAN
COORDINATES

For better understanding of the physics related to vari-
ous contributions to the turbulent flux of the small-scale
magnetic helicity [see Eqs. (DI)-(D1I)], we consider a
small-scale turbulence with large-scale linear velocity shear
U = (0,S5z,0) in the Cartesian coordinates. In this case,
the large-scale vorticity is W = (0,0, S), the stress ten-
sor (U)i; = (S/2)(efe’ + ejel), the vector X that
describes the non-uniform mean fluid density, is A =
A (sin®, 0, cos ¥), the unit vector along the large-scale mag-
netic is 8 = (cos B, sin S, 0), the vector QEB) = B (OU )i =
(5/2) (sin B, cos 3,0) and the vector Q™ = A, (9U) i =
(AS/2) sine!. We also take into account that

B X A= A(cos? sin 3, — cos ¥ cos 3, — sin ¥ sinB),(El)
(B x Q)i = (5/2) cos(2B) €7, (E2)

(B x Q™) = (SA/2) sin® cos fef, (E3)
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B x W:S(sinB,—cosB,O), (E4)

(W x A); =S Asindel. (E5)

First, we determine various contributions to the turbu-
lent flux of the magnetic helicity inside the turbulent region
where the toroidal mean magnetic field is much larger than
the poloidal mean magnetic field, i.e., 8 = (0,1,0). In this
case, the turbulent pumping velocity VW of the small-scale
magnetic helicity is

1
v —ET(jVi)\|:(1+%ST0)6)\+5.657'061{|,

(E6)

where ex = A/A. The turbulent magnetic helicity flux has
the source term N (®) oy, caused by the kinetic a effect with
N being

4g—1)

[e 1 5}
N >:_Ee§B2>\{1—7(3q71)sm]. (E7)

The total diffusion tensor DS{) which describes the micro-
scopic and turbulent magnetic diffusion of the small-scale
magnetic helicity is given by:

DY = Dy 6ij — Dae ! + Dsef ¢! — Dacl e,  (ES)

where Dy = (2/15) TOVQA»

D1 = D’g")+§77+éTOVA [1* 70 STO:|7 (E9)
1 159 —6g —2

D3 = 5 ST() |:T]T + W TO VA:| 5 (ElO)
1 34q+ 45 —2

D, = 5 S 1o [r]T 108 To VA}. (E11)

Equation (E8) implies that D{Y = DY = Dy, DY) = D, —
D, D;I;) = D3, DIE,I;I) = — Dy, and other components of the
total diffusion tensor DS{) vanish. The turbulent magnetic
helicity flux containing the source term Mi(f‘) Vja, with
Mi(]‘.’) being

ij

a 1 —2
M = 300 2B {(Qq —1)8ij + (20q — 23) ¢! ¢!

+3q7_1 STO B;-y ej . (E12)
The additional contribution F®% to the turbulent magnetic
helicity flux caused by the large-scale shear is given by

1 ;

Now we determine various contributions to the turbu-
lent flux of the magnetic helicity at the surface (the up-
per boundary of the turbulent region), where the toroidal
mean magnetic field is much smaller than the poloidal mean
magnetic field, i.e., 8 = (1,0,0). In this case, the turbulent
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pumping velocity V™ of the small-scale magnetic helicity

is

v —11—57071 A {eA 4 7 sin?d (ex + % S 1o ey)}.
(E14)

The turbulent magnetic helicity flux has the source term

N oy caused by the kinetic « effect with N being

N@ = —%2352)\ {ex—l— Tq- sin ¥ e”
—23(37:1) R (ez + 474 sinﬁey)]. (E15)

The total diffusion tensor DEJH) which describes the micro-
scopic and turbulent magnetic diffusion of the small-scale
magnetic helicity is given by:

D,<1H> = D1 6;j — Daej ef + Dsef e — Daef ef, (E16)

where Dy = (2/15) 19 VZA:

1 1 —
D, = DI+ 3Nt gm Vi, (E17)
1 49 + 42 —2
D3 - 5 STO |:77T + 105 g 0 VA:| ) (ElS)
1 145 — 29  —o
Dy = 3 S'7o {% 5 VA:|~ (E19)
Equation (E16) implies that D@SI;) =D& = Dy, DY =

D1— Do, D;I;) = D3, Déli) = — Dy, and other components of
the total diffusion tensor DEJH) vanish. The turbulent mag-
netic helicity flux containing the source term Mi(f) Vo
with Mi(f‘) being

(o) _ 1 2 52 T x

_16g(g—1)

Tell. E2
30— 1 ST0€16‘7:| (E20)

The additional contribution F% to the turbulent magnetic
helicity flux caused by the large-scale shear is given by

P02 L[MER g ) (1

3|7 15 q+1
2(4g+1) Va .
5 ) Se’. (E21)
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